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Abstract
We study the finite temperature dynamics of SU(Nc) gauge theory for large Nc, with
fundamental quark flavours in a quenched approximation, in the presence of a fixed charge
under a global current. We observe several notable phenomena. There is a first order
phase transition where the quark condensate jumps discontinuously at finite quark mass,
generalizing similar transitions seen at zero charge. We find a non–zero condensate at
zero quark mass above a critical value of the charge, corresponding to an analogue of
spontaneous chiral symmetry breaking at finite number density. We find that the spectrum
of mesons contains the expected associated Goldstone (“pion”) degrees of freedom with a
mass dependence on the quark mass that is consistent with the Gell-Mann–Oakes–Renner
relation. Our tool in these studies is holography, the string dual of the gauge theory being
the geometry of Nc spinning D3–branes at finite temperature, probed by a D7–brane.
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1 Introduction and Conclusions
There is great interest in understanding the phase structure of Quantum Chromodynamics
(QCD). There are various regions of the (µB, T ) phase diagram (T is temperature and µB is a
chemical potential for baryon number) which are extremely hard to model theoretically using
traditional field theory techniques. Some of these regimes are being probed experimentally, and
so there is additional interest in obtaining better theoretical understanding, from an immediate
phenomenological point of view.
For almost a decade, progress in understanding the dynamics of extended objects in string
theory has enabled several new techniques, and a fresh and powerful new perspective, to be
brought to the study of strongly coupled gauge theory. The techniques were sharpened further
(for large number of colours,Nc,) with holographic examples such as the AdS/CFT correspon-
dence, and the study of gauge/gravity duals (or, more properly, gauge/string duals) has proven
to be a fruitful and often elegant pursuit.
Not long after the birth of AdS/CFT[1, 2, 3], where the finite temperature phase structure of
N = 4 SU(Nc) (at large Nc) was understood in terms of the thermodynamics of Schwarzschild
black holes in AdS[2, 4], it was recognized[5] that progress could be made in understading the
properties of gauge theories in the presence of a global current, akin to a chemical potential for
baryon number or isospin, by studying the physics of charged black holes, such as Riessner–
Nordstrom[5, 6], or more general charged black holes with non–trivial scalars[7], in AdS.
The resulting (µ, T ) or (q, T ) phase diagrams (where q is conjugate to µ –the analogue of
Baryon number) of the N = 4 guage theory were found to be rather rich, with e.g., a first
order phase transition line, and even a second order critical point in the (q, T ) plane[5, 6]. This
led to the hope1 that such studies might lead to insights into the physics of the QCD phase
diagram. The idea is that studies of the effect of the global U(1) symmetry —even though it is
not exactly baryon number— might lead to physics in the same universality class as the more
realistic gauge theories, giving insight into QCD at finite temperature and density.
A more firm footing for this idea should be obtained by the study of those dynamics in the
presence of fundamental flavours of quark, a key feature of QCD that distinguishes it from
the N = 4 gauge theory (which of course only has adjoint matter of very specific types and
quantities allowed by supersymmetry). While it is notoriously difficult to study this problem
as a string dual —so far— it is known[8] how to place fundamental flavours into the theory, in
1C. V. Johnson, various seminars, 2000
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the limit Nc≫Nf . This is a sort of “quenched” limit where the quarks feel the gauge dynamics
but whose presence does not effect the physics (i.e., the quarks do not “back–react”).
While this limit cannot capture a great deal of QCD physics, it is hoped that it may well
provide valuable clues in the study of the phase structure and will certainly be an instructive
step along the path to fully understanding the case of fully interacting dynamical quarks.
The global symmetries in question in the case of the N = 4 theory live in the U(1)3 subgroup
of the large SO(6) ⊂ SU(4) R–symmetry enjoyed by the theory. In the string dual this
corresponds to that fact that the D3–branes (on whose world–volume the gauge theory resides)
have an R6 transverse to them, In the decoupling limit that gives the AdS/CFT duality, they
correspond to a subset of the SO(6) isometries of the explicit S5 of the AdS5 × S5 spacetime
where the dual string theory propagates.
Fundamental dynamical quarks enter the story as D7–brane probes of the geometry. The N = 4
supersymmetry is now replaced by N = 2 and the quarks lie in hypermultiplets. The R6 now
breaks into an R2 transverse to both the D3–branes and the D7–branes, and an R4 transverse
to the D3–branes, but internal to the D7–branes.
In the probe limit in question, the quarks are the ends of the strings stretching from the D7–
branes to the D3–branes, their masses being set by the distance between the two sets of branes
in the R2. In the decoupling limit (where the Nc D–branes have been replaced by AdS5 × S5
geometry), the location in the plane transverse to the D7–brane controls the quark mass and a






+ · · · , (1)
where m ∼ mq (the bare quark mass) and c ∼ −〈ψ¯ψ〉 (the quark condensate), and u is a radial
coordinate in the decoupling limit.
The condensate actually breaks the U(1) symmetry corresponding to rotations in the R2, that
acts chirally on the ψ fields. We explored the allowed values of the condensate 〈ψ¯ψ〉 as a
function of quark mass m at finite temperature T (where supersymmetry is broken), and with
the system charged an amount q under a global U(1) current. We did two cases. The first is
the chiral current associated with rotations transverse to the D7–branes, and the second case
was a U(1) that mixes transverse and parallel rotations.
We found a rich structure, upon which we will report in this paper. We found that there
are generalizations of the first order phase transition already found (and extensively studied
[10, 11, 12, 13, 14, 15]) at q = 0 for this case. In addition, we found that at finite q a new
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phase appears where there is a non–zero condensate at zero quark mass m. This is an example
of spontaneous chiral symmetry breaking in the presence of an analogue of finite fixed baryon
number or isospin charge.
We study the meson spectrum of our model and identify the massless “pions” (it’s really a slight
misnomer — see ref.[9]) which play the role of the Goldstone bosons of the chiral symmetry
breaking. We study the behaviour of the pion mass as a function of m and find that it obeys
the Gell-Mann–Oakes–Renner relation[16]. Crucially, we also verify that away from the range
of q where the symmetry breaking is present, the meson has no massless particle at m = 0,
confirming our identification.
2 Spinning D3-branes
To source subgroups of the U(1)3 ⊂ SO(6) global symmetries corresponding to rotations in
the transverse R6, we consider D3–branes with angular momentum. The supergravity descrip-





























































































In order to explore the decoupling limit (α′ → 0), which we will be interested in, we define:
r = α′u , rH = α

















































where we have defined:












There are two different cases that we would like to analyze:
1. A single charge in the φ1 direction: q1 = q and q2 = q3 = 0. This case will be a useful
test case since it is the simplest problem to explore and will provide valuable insight into
the more complicated case.
2. Three equal charges: q1 = q2 = q3 = q. This is of extra interest since the supergravity
metric, upon compactification, corresponds to the AdS–Reissner–Nordstrom black hole[5]
(the previous case gives charged black holes with an extra scalar field excited[7]).
3 Single Charge















H sin2 θ (Rdφ1 − Adt)


















, ∆ = sin2 θ +H cos2 θ . (6)
Although there is a change of variables that allows us to rewrite this metric in a more conven-
tional form, it will be computationally convenient to work with the metric in equation (5). In
order to introduce dynamical quarks into our gauge theory, we probe the geometry with D7-
branes [8]. We choose the coordinates (θ, φ1) to be the transverse coordinates to the D7-brane.
However, we will define radial coordinates in the R6-subspace transverse to the D-3 branes via:
ρ = u cos θ , L = u sin θ . (7)
Although these radial coordinates are not transverse to each other, the non-zero GLρ component










we can still make sense of the coefficient m as being the asymptotic separation of the D-3 and
D-7 branes. This will allow us to extract the bare quark mass and the condensate value. It
should be noted however that, unlike the zero charge case considered in refs.[11, 13], we cannot
directly identify the coefficient c with the quark condensate. The correct identification can be
made after an appropriate change of variables that restores the S5 symmetry of the geometry
at the asymptotic boundary. We will later show this explicitly.
We choose an ansatz θ = θ(u) and ∂µφ1 = 0. With these choices, the worldvolume of the
D7-brane is given by:
√
− det g = (detS3)





fq2 cos2 θ +
(








From here, we see that the worldvolume goes to zero for two particular cases:
1. θ = π/2. This case is akin to the Karch-Katz like solutions described in ref.[11].
2. fq2 cos2 θ +
(
f −A2H2 sin2 θ
)
u2 = 0. This case is akin to the condensate solutions de-
scribed in ref.[11], with a crucial difference: These solutions do not end on the event
horizon determined by Guu = 02. We should not expect the D7-brane to end at Gtt = 0
2For the case of the AdS–Schwarzschild background, the space–time terminates at Gtt = G
uu = 0 and the
D7-branes terminate there for condensate solutions [11]
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since the induced metric is not diagonal in t; instead, we should expect it to end on the
modified Gtt value upon compactification to five dimensions. Therefore, the worldvolume
of the D7-brane closes before it reaches the event horizon.
We solved the equation of motion for θ numerically using a shooting technique. We will use
R = 1 and uH = 1 throughout our numerical calculations. We shoot from the point where the
worldvolume is zero to u → ∞. We use the boundary conditions at our starting point to be












= ∞ . (10)
These boundary conditions were also used in reference [12], but it also turns out that the
numerical results are insensitive to changes in the first derivative boundary condition. Figure
1(a) shows examples of the condensate and Karch-Katz-like solutions as they approach their
respective end points. It is important to notice that in figure 1(b), the Karch-Katz-like solutions
have a slope of q2/2, for large m and so this choice of the constant c is not proportional to the
condensate, as we remarked earlier. This is a result of our choice of coordinates and expansion





In order to see this, we recall that for the zero charge case (i.e., the AdS–Schwarzschild blackhole
studied in ref.[11]) as u→∞, we have L ∼ (m+ c
u2
); and indeed the constant c is proportional
to the quark condensate as shown by ref.[9]. The key geometric difference between the charged
and uncharged case is that the S5 gets distorted due to the presence of the charge q. In order
to be able to identify the condensate, we want to restore the symmetry of the S5 as much as
possible as we move away from the horizon.
By looking at the distorted S5 part in equation (3), one can see that, as we start moving away
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L = u sin Θ
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Figure 1: Solutions for one single charge (q = 0.5) in the transverse direction
where
µ1 = sin θ , µ2 = cos θ sinψ , µ3 = cos θ cosψ . (13)


























µ3 sin φ3 . (14)




u2(u2 + q2)− u4H√
q2 + 2u2 + 2
√
u2(u2 + q2)− u4H
. (15)
This will allow us to rewrite:







We can now define new coordinates:
L˜ =
√
r2 + q2 sin θ , ρ = r cos θ ,






4q2ρ2 + (L2 + ρ2 − q2)2
(dL˜2 + dρ2) . (17)
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Then from the asymptotic behavior of r for large u:√
r2 + q2 = u+
q2
2u
+ . . . , (18)
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So, in this coordinate that restores the symmetry of the S5, the na¨ive condensate value gets a
constant subtraction. Therefore, henceforth, all future plots of −c will subtract off this term.
The adjusted solution and the phase transition region are shown in figure 2.






































(d) Condensate in the transition re-
gion
Figure 2: Solutions for one single charge in the transverse direction of the D7-brane for q = 0.5
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There are several important things to notice. First, in figure 2(b), unlike the AdS–Schwarzschild,
we begin to see the condensate becoming negative for small bare quark mass. In addition, we
see the appearance of apparently negative masses (see figure 3(a)) . This of course corresponds
to negative L = u sin θ value for ρ → ∞. This effect is to be interpreted as the constant
coordinate φ1 flipping to π−φ1. (This has been checked by extending θ to negative values and
observing that we get the same physics, continued to negative mass side.) This is simply the
familiar case of realizing that a negative radial coordinate should be flipped back to positive
values after taking into account the range of the angular coordinates. Here by considering the
fixed φ1 ansatz, we are required to extend the definition of θ to negative values. We started with
the plane, (L, φ1), and we analyzed the one dimensional motion of the D-brane for fixed φ1.
This means that we have cut the plane and constrained our D-brane to move along a line. To
parametrize this line, we would need to allow φ1 to flip. Therefore, these solutions would have
physical values given by m→ −m and c→ −c.
Therefore, we see the appearance of a finite condensate gap between the (m = 0,−c = 0)
solution and the (m = 0,−c 6= 0). Using our equal area law, discussed in ref.[10], tell us that
the lower branch, corresponding to negative values of the condensate, has the lowest energy.
Therefore, the system chooses the (m = 0,−c 6= 0) solution. This means that the geometry
breaks U(1) chiral symmetry spontaneously. We plot the value of the condensate at zero bare
quark mass in figure 3(b). We see that there is a minimum amount of charge that is needed
before chiral symmetry is broken. We also notice that the condensate decreases toward zero
asymptotically as q →∞.











(a) Condensate near m = 0 for q = 0.5







(b) Condensate at m = 0 as a function of q
Figure 3: Behavior near m = 0 of the condensate for a single charge.
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4 Three Equal Charges
When we set all three charges to be equal[5], (i.e., q1 = q2 = q3 = q in equation (3)), the metric
becomes:




























From a computational point of view, it is again more convenient to use









However, just like in the single charge case of last section, the Karch-Katz-like solutions exhibit
a positive slope of q2/2 for the condensate, which is again an artifact of the coordinates. To




(dr2 + r2dθ2) , (24)
and the corresponding radial coordinates are:
L˜ = r sin θ
ρ˜ = r cos θ . (25)





























(dρ2 + dL2) , (28)
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Therefore, to explore the functional dependence of the condensate on the bare quark mass, we
again choose θ(z = 1/u2) and φ1 to be our transverse coordinates to the D7-brane. With this
choice, the worldvolume of the D7-brane is given by:
√








f − A2H2 sin2 θ
) (




We see that when θ = π/2, the worldvolume goes to zero. This corresponds to the Karch-Katz-
like solutions that we saw for the AdS Schwarzschild blackhole and our single charge case. The
other case where the worldvolume goes to zero is when:
R2z
(
f − A2H2 sin2 θ
)
= 1 + z
(
3q2 − b4z + 3q4z + q6z2
)
− b4q2z3 sin2 θ(z) = 0 . (31)
This is a similar situation as for the single charge case, where the worldvolume closes before
the event horizon. We can solve the equation of motion for θ numerically (using R = uH = 1),
and we illustrate the two types of solutions in figure 4.
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L = u sin Θ
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Figure 4: Example of solutions for three equal q = 0.6 charges. The event horizon defined by
Guu = 0 is shown as the black disk. Again, the red solid lines correspond to Karch-Katz-like
solutions and the blue dashed lines correspond to the condensate solutions.
We see exactly the same behavior as in the single charge; for large m, the slope of the −c vs.
m plot, (figure 4(b)) is given by q2/2, as can be expected from the arguments presented above.
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Therefore, as in the single charge case we will henceforth subtract this q2/2 contribution from
all future −c values displayed in our figures. Figure 5 shows solutions for a variety of charges.
We can determine where the phase transition occurs between condensate and Karch-Katz-like
from the equal-area law that we determined in ref.[10]. This allows us to avoid calculating the
energy of the D7-brane, which we are unable to do given our inability to define ρ and L as done
in the simpler cases of refs.[10, 11, 12, 13, 14, 15].








(a) q = 0.6









(b) q = 0.6









(c) q = 0.62









(d) q = 0.62
Figure 5: Solutions for three equal charges for various q. The dashed green line represents
where the phase transition occurs.(In the dramatically magnified regions shown on the right,
there is some jaggedness of the curves, as we are near the limit of our numerical accuracy. This
should not be a cause for concern.)
We again notice that for increasing q, beyond a critical value we begin to see solutions with
negative condensate value (see figure 5(a)); we saw this feature in the single charge case as well.
Notice also that we again see the appearance of solutions with apparently negative bare quark
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mass; this of course corresponds to negative L = u sin θ value for ρ → ∞, an effect seen in
figure 4(b) and can be explained as before. For those values, one simply swops m→ −m.
Therefore, we see the appearance of a discrete condensate gap between the (m = 0,−c = 0)
solution and the (m = 0,−c 6= 0). Using our equal area law, it would tell us that the lower
branch, corresponding to negative values of the condensate, has the lowest energy. This means
that our gauge theory will choose to have a non-zero condensate at zero bare quark mass.
This means the geometry breaks U(1) chiral symmetry spontaneously. As q approaches its
maximum value (q ≈ 0.62) after which there is no event horizon, we begin seeing a multiplicity
of condensate solutions for small bare quark mass, resulting from the rather beautiful spiral of
solutions (see the first quadrant in figures 6(a) and 6(b). Using our equal area law again, we
learn that the lowest branch of the spiral, corresponding to negative values of the condensate,
has the lowest energy, and as we go “deeper” into the spiral every successive branch has higher
energy; The other zero–mass condensates are simply metastable states. Therefore, again at zero
bare quark mass, we have a non-zero negative condensate value and chiral symmetry breaking.
We plot the condensate value for zero bare quark mass as a function of the charge q in figure
7. We see again that there is a minimum q below which chiral symmetry is unbroken.









(a) q = 0.6









(b) q = 0.62
Figure 6: Zoom of the behavior near the origin of the condensate as a function of bare quark
mass
As q increases further, we have a new feature that we do not encounter in the single charge
case. Above a certain value of q, the horizon disappears and we have a (harmless[20]) naked
singularity. The value of q at which this happens is q ≈ 0.62. This corresponds to a naked
singularity, which is in fact harmless since it corresponds to smeared giant gravitons[20] sources.
Some solutions for this case are shown in figure 8. Condensate solutions that shoot from small
14










Figure 7: Value of the condensate for the three charge case at zero bare quark mass as a function
of the magnitude of the charge
θ angles begin to disappear since the worldvolume given in equation 30 becomes imaginary. As
we approach q = 1, more and more of the condensate solutions disappear, until as we reach
q = 1, they are completely absent.
5 Meson Spectrum
In order to confirm that we are indeed seeing chiral symmetry breaking, we calculate the
quadratic fluctuations in the transverse coordinate φ1. In the gauge theory, this will correspond
to a pseudo-scalar meson, as described in ref.[9]. We will choose an ansatz of the form:
δφ1 = χ(z) sin(~k · ~x) , (32)
where
~k2 = −M2 . (33)
In order to solve for the mass of the meson, we will again solve our equation of motion by









= 0 . (34)
These boundary conditions give us identical results if we had redefined our problem in terms
of L and ρ. Solutions for the single charge case are shown in figure 9 for a case where we do
not see chiral symmetry breaking and a case where we do see symmetry breaking.
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L = u sin Θ
(a) q = 0.7






(b) q = 0.7
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L = u sin Θ
(c) q = 0.95








(d) q = 0.95
Figure 8: Solutions in a background with a naked singularity
We see that for the case where we claimed to see a non-zero condensate at zero bare quark
mass (q = 0.7), we definitely see a massless meson (see figure 9(b); for the case where we
had no condensate at zero bare quark mass, we have no massless meson (see figure 9(a)). In
addition, we plot the small m behavior of the meson in figure 10. If this is indeed the Goldstone
boson associated with chiral symmetry breaking, it should obey the Gell-Mann-Oakes-Renner
relation[16], which states that:
Mpi =
√
−mq〈ψ¯ψ〉/f 2pi , (35)
where mq is the bare quark mass, and fpi is the pion decay constant. We can fit our curve nicely
with a square root function as:
M = 22.4374 m1/2 , (36)
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(a) q = 0.2








(b) q = 0.7
Figure 9: φ1 Meson spectrum for the single charge. The dashed line is the solution for the
AdS5 × S5 case.
which serves as a nice confirmation of our results.







Figure 10: Small bare quark mass behavior of the single charge φ1 meson. The black line is the
m1/2 best fit curve
Solutions for the three charge case are shown in figure 11 for a case where we do not see chiral
symmetry breaking and a case where we do see symmetry breaking. We again find a massless
meson in the case where we have a condensate at zero bare quark mass (see figure 11(b). In
addition, we can fit the curve nicely for small bare quark mass (as shown in figure 12) as:
M = 10.3057 m1/2 , (37)
once again confirming that we have chiral symmetry breaking beyond some critical value of q.
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(a) q = 0.2







(b) q = 0.5
Figure 11: φ1 Meson spectrum for the three charge. The dashed line is the solution for the
AdS5 × S5 case.







Figure 12: Small bare quark mass behavior of the three charge φ1 meson. The black line is the
m1/2 best fit curve
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